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Abstract

We provide a simple derivation of the flux—flux correlation functions for a system of elementary processes
governed by a master equation. A particularly simple expression for the spectral density of the flux—flux
correlation function is given, which is shown to be useful computationally. The general formulae are illustrated
with several examples related to membrane current noise. The relationship between these formulae and those

obtained by Frehland are discussed.
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1. Introduction

It is possible to describe a wide number of
physical, chemical, and biological processes using
the idea of an “clementary process.” In addition
to the classical notion of an elementary chemical
reaction [1], elementary processes can be use to
describe membrane transport processes, mass,
energy, and momentum transport and numerous
other dissipative processes [2,3]. The idea of an
elementary process leads in a natural way to a
stochastic picture of the effects of the process in
terms of a master equation or, in the thermody-
namic limit, a Langevin or Fokker—Planck equa-
tion [4].
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Here we explore the flux-flux correlation
function for elementary processes, focusing on
steady state correlations. While it is often the
extensive variables that are transported by ele-
mentary processes that are of interest experimen-
tally, in some cases the net flux through an ele-
mentary process is also interesting. For example,
the net flux through the final step of a metabolic
pathway determines the net production of prod-
uct, and the net flow of an ion through a mem-
brane-bound channel determines the ionic cur-
rent [5]. The noise induced by the occurrence of
clementary processes gives rise to correlations
between the fluxes that contain information about
the rates of the processes.

Recently it has become possible to measure
this sort of correlation, especially for ionic chan-
nels [6-8]. The standard theory of flux-flux cor-
relations for linear processes was developed by
Frehland using the fact that transitions between
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states occur as quantized jumps [5,9,10]. Freh-
land’s theory provides expressions for one-way
fluxes. Generally speaking, only net fluxes are
accessible experimentally and our derivation pro-
vides only expressions for the correlation func-
tions for net fluxes. We use only well-known
properties of the master equation formalism and
obtain analytical expressions that are particularly
simple for the spectral density of the fluxes. The
expressions that we derive for the spectral density
are valid for any set of elementary processes in
the thermodynamic limit and for linear processes
for any size system. For several examples of mem-
brane transport noise, we show that these results
are identical to those obtained from Frehland’s
one-way flux—flux correlation functions.

2. Flux correlations for elementary processes

The rate of an elementary process is given by
the difference between a forward rate, V', and a
reverse rate, V-, where « lables the elementary
process [2,3]. The extensive variables, given by the
column vector n, change in time according to

dn/t = YoV =V), (1)

where w,, is the net change of n; (stoichiometric
coetficient) for the process x. The rate of an
elementary process is the same as the flux due to
that process, i.e., the net number of times per
second that the process has occurred. It can be
used to define the progress variable [11,12] for
the process, £,, using

dg /t=VF -V, . (2)
Thought of as a matrix, w,; is the linear transfor-
mation between the intensive variables and the

progress variables. The back transformation is
given by the matrix B,;, which satisfies [13]

5,’,“: Ewm‘BKﬂ (3)

where §,; is the Kronecker delta. The matrix B
exists only for linearly independent elementary
process, i.e., those for which the equation

Z“’«ibx =0 (4)
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has the unique solution b_=0 for all «. In this
case, however, one can freely transform between
the extensive variables, n, and the progress vari-
ables, £.

In the master equation formalism, which is
utilized here to describe the stochastic process
associated with elementary processes, the rates,
V' and V_, are interpreted as providing the
transition probability per unit time for the pro-
cess « [4). This yields a linear differential differ-
ence equation for the time-dependent probability
for observing the extensive variables, n. Here we
are interested in fluctuations in the extensive
variables (and the fluxes) around stable steady
state values. At an equilibrium steady state, the
rates of all elementary processes vanish on the
average. This is the condition of detailed balance
[2,3,14]. At nonequilibrium steady states this is no
longer true and (2) shows that the £ will in-
crease linearly with time on the average since the
extensive variables are constant at steady state.
Deviations around the average values at steady
state will be denoted by 6n;,=n,—n} and
dég, /dt =dé€, /de — dél/de, where the super-
script ® implies the steady state value.

For elementary process that are linear, i.c., for
which all the V.7 and V_ are proportional to a
single extensive variable, it is well-known that the
two-time correlation function of the extensive
variables is exponential at asymptotically stable
steady states [15]. Explicitly, for ¢ <r’

C(t'—t)={8n(t)dn"(1"))
=osexp(HT(t' —1)), (5)

where the superscript T indicates the transpose of
the linearized relaxation matrix of the extensive
variables, H, and o®=C(0) is the steady state
covariance matrix that satisfies [2,15]

Ho'+o*H'= —vy (6)

Kk Mk

tionarity, the correlation function depends only
on the time difference, ¢’ — ¢t. Equations (5) and
(6) arc also valid for the progress variables if the
appropriately transformed matrices H, o, and y
are used. The form of H and y for the progress

where y;; =L 0V + V. )w,;. Because of sta-
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variables is particularly simple. Using (1) and (2)
it is easy to show that

(Ve ~Vy)
H, =) ———— 7
ax Z[‘l anl W, ( )
while it is well-known that for progress variables
v has the form {12,13]

‘y[!l( = SCKK( V.:- + VK_)‘ (8)

For linear elementary processes, for which V'
and V are proportional to a single one of the n;,
the expression for H can be written explicitly as
H, =klw

a i

koo &)

where in this case V| =k}n, and V7 =k n; with
k % first order rate constants.

According to (2) the time derviatives of the
progress variables equal the net flux in an ele-
mentary process. Thus the two-time flux correla-
tion function can be obtained by differentiating
the two-time progress variable correlation func-
tion with respect to ¢ and ¢'. This is done most
easily by taking advantage of the symmetry prop-
erty [3,16] C(¢' — 1) = C(t = t")7 to rewrite (5) for
—o <t -t <™

C(t'—1)=A(t' - t)a* exp(H(1' — 1))
+A(t—~t") exp(H(t—1"))o%,
(10)

where A(r) is the Heaviside function. Equation
(10) is equally applicable to correlations in £ or
n, depending on the representation of the matri-
ces. Differentiating this with respect to t’ yields

dC(t' —t)/dt’
=8(t'=1t)[o" exp(H"(¢' — 1))
—exp( H(t - t'))asl
+A(t' = t)o*H exp(HT(t' — 1))
+A(t—t') exp(H(t—t"))Ho". (11)

Since the coefficient of the Dirac delta function
vanishes when t=t¢’, that term vanishes identi-
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cally, Thus differentiating (11) with respect to ¢
gives the result:

D(t'—1t)=v8(t'—t) — [A(t' = t)a*H ™
xexp( HT(t'—1))
+A(t—1t") exp( H(t —1")) H*],
(12)

where D(¢t' —t) = ((d8&/dtXd8¢/de')) and the
cocfficient of the Dirac delta function was rewrit-
ten using (6). Notice that since the derivatives of
n are odd functions of time, the flux-flux correla-
tion function must satisfy the symmetry property
(3,06] D(t' — 1) =D(t - t')T, which is easily
checked using (12) and the fact that ¢° is sym-
metric. Using (6), eq. (12) can be expressed equiv-
alently (for 0 < t) as:

D(1)=vy3(t) + [y +Ho'|H  exp(HTt)  (13)

At equilibrium, where one has [2,15] Ho®=
—v/2, (13) further simplifies to

D(1) =v8(¢) + (y/2)H" exp(H™t). (14)

Equations (12-14) can be compared to equations
from Frehland’s formalism [5] by taking appropri-
ate linear combinations of the one-way fluxes.
Although formally different, it will be shown in
the next section—after a little algebra—that they
are equivalent.

In applications it is frequently easier to mea-
sure the power spectrum of correlations rather
than their time dependence [8]. Defining the
Fourier transform of any function of time, f(¢),
as

. l =
flo) == [ f(1) explinr) du, (15)

gives the well-known relationship [16]) between
the power spectrum of & and the power spectrum
of the flux, d§¢/dt:

D(w) = 0*C(w). (16)

Using the general form [3] of C(w) based on 10,
thus, gives

D(w) = (io + H) (w?y/27)(—ie+HT) .
(17)
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Because y isA diagonal (cf. eq. 8), the diagonal
elements of D can be written as

B,o(@) = (@?/2m) L I(ie +H)g,/ |
(V4 V). (18)

Thus the power spectrum of an individual flux is
given by a sum of terms weighted by the sum of
the fluxes through each elementary process. Note
that equations (16-18) depend only on the lin-
earized rate matrix H and y. As neither of these
matrices is dependent on the existence of the
matrix B that transforms the extensive variables
into the progress variables, these equations are
valid even for linearly dependent elementary pro-
cesses. Equation (18) is particularly simple to
apply, as we show in the next section.

Although the master equation formalism pro-
vides the most fundamental interpretation of ele-
mentary processes [4], at asymptotically stable
steady states it can be shown in the thermody-
namic limit to reduce to a linear Langevin type
theory [3,17]. In fact, if one is interested only in
first and second moments, then calculations with
the two theories are identical if exclusively first-
order clementary processes are involved—even
for small systems [14,15]. In either case the
Langevin equation governing fluctuations in the
progress variables around a steady state takes the
form

ddg/dt = HSE + f, (19)

where H comes from eq. (7) and f is the random
term with the two-time correlation matrix [3,13]

(Fal ) fa(17)) = 768(¢" = 1), (20)

with y given by eq. (8). Using (20) one can
calculate the two-time flux correlation directly,
thereby verifying the result in eq. (12). This shows
that the equations for the power spectra (16-18)
are valid for all elementary processes in the ther-
modynamic limit, in addition to exclusively first
order elementary processes in systems of any size.

3. Nlustrative examples

The simplest case of an elementary process to
which the results in Section II can be applied is a
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single linear process,
12 21

with the forward and reverse rates V" =k"n, and
V==k"n,. For this process w, = ~1 and w, = 1.
Thus according to (8 and 9) y = k*n§ + k™ n and
H=~(k"+ k™) = —A. Since the steady state for
this process 1s an equilibrium, i.e., at steady state
V*=V", we can use the formula in (14) to ob-
tain,

D(t) =2n(k*k~/A)8(t) + nk*k™ exp(—At),
(22)

where n=n, +n, and the fact that n} =nk*/A
has been used. Equation (22) is identical to that
obtained using different techniques [9,18,19], Us-
ing the formula in (18), it is even easier to obtain
the spectral density, which is

D(w) =2nk*k™(02/2mA) /(> + X)),  (23)

also in agreement with previous work.

The scheme in eq. (21) is the simplest in the
schemes of linear elementary processes that can
be used to describe electrical noise generated by
hydrophobic ions in closed pores [7,9,19]. In this
case the n; are interpreted as the number of ions
in the membrane in a well on the left-hand side
(1) or right-hand side (2) of the barrier. This
scheme is easily generalized to an N-barrier
model in which now the n, are the number of
ions in the ith well, i.e.

roN-1eN (24)

This scheme could be further generalized with
side branches, as long as no cycles are included,
without changing the fact that the steady state is
an equilibrium state.

Equation (24) provides a more complicated
example that illustrates the identity of the pre-
sent formalism with Frehland’s formalism [5]. It is
easy to verify that the elementary processes in
this scheme are lincarly independent. Thus, as
with the scheme in (21), eq. (14) can be applied.
Because the algebra is messy, we will illustrate
the equivalence of the two approaches only for
the diagonal elements of D(t). Consider the flux
over the ith barrier, i.e.,

iei+], (25)

lele -



I. Keizer / Biophys. Chem. 45 (1993) 219-225

which we call the ath process with V] =k}n,
and V, =k n,,,. Thus according to (14),

D,o(t) =2V,8(1) + V[ (H exp(Ht)) oa],  (26)

where we have taken advantage of the fact that y
is diagonal and we have set V, =V =V,. We
show in the Appendix that the term in square
brackets in this equation is equal to

(H exp(Ht)) oq
= [k (exp(Ht))sie1 — ko (exp(HE))iv1in1

—k} (exp(Ht)); +k; (exp(H))4 ;]
(27)

by using the fact that
Wom = 6mi-v—l - Bmi (28)

and transforming between the extensive variable
and progress variable representation, Subtracting
Frehland’s expressions for the one-way fluxes [5,9]
it is possible to derive the expression

D, (1) = (V7 +V,.)s(1)
+ Vo (kgD k2050 0540)
+V¢;(k;ni+li_k:nii)’ (29)

where in our notation £,; = (exp(H1)),; — nf*. Us-
ing the fact that the steady state is an equilib-
rium, so that V7 =V, eq. (29) reduces to

Do (1) =2V, 8(t) + V[ kg (exp(Ht)) iy
_k;(em(Ht))HlH-l

—k;(exp(Ht)); +k; (exp( Ht)) ]
(30)

Comparing our equations (26) and (27) with
Frehland’s result in eq. (30), we see that the two
expressions are identical, as they should be.

As a final example, we consider the two-state
model in Fig. 1A. This model could be construed
cither as nonlincar, if the species L and R are
assumed to have variable concentrations, or lin-
ear, if L and R are assumed constant and their
fluctuations negligible. In the first case, the
mechanism is identical to the Michaelis—Menten
scheme of enzyme catalysis, with L representing
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-1 A : 2
2 log(w/ps )
Fig. 1. (A) Diagram of the two state elementary processes for
treating cither Michaelis—Menten kinetics or single site bind-
ing to an open ion channel. (B) The spectral density for the
a-«a flux correlation function for the diagram in A, when
interpreted as a scheme for a single open ion channel. Rate
constants were chosen as ky =1, k, =2, k§ =5, kg =10,
with units in us~! to correspond to typical open channel
fluxes under nonequilibrium conditions.

substrate, 1 being the free enzyme, 2 the en-
zyme-substrate complex, and L the produt. Al-
ternatively, the model could represent transport
through an open ion channel, with L the ion on
the left-hand side, I the unoccupied channel, 2
the singly occupied channel, and R the ion on the
right-hand side. This interpretation corresponds
to a open channel with a single binding site and
barriers to binding at the left and right [20]. As
we have seen in the previous section, flux correla-
tions for either of these interpretations can be
treated using our formalism—although it is valid
for the enzyme flux model only in the thermody-
namic limit.

For simplicity, and because it may be of some
experimental relevance [8,21], we focus on the
open channel interpretation. Notice that by using
a single well model that treats the extensive vari-
ables as channel states (1 and 2) rather than as
the location of the ion (in the well) [9], that the
rates of both elementary processes, « and B, are
coupled in this example. Since the spectral den-
sity of open channel noise is accessible experi-
mentally, we use (18) for this example. That for-
mula is particularly useful since it is easy to show
that the two elementary processes are not linearly
independent. Note also that with this interpreta-
tion the concentrations of the ion, L and R, are
absorbed into the rate constants, k, and k.
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To apply (18) all that is needed is to calculate
the inverse of (iw + H), since the form of H can
be obtained from eq. (9). From Fig. 1 it is easy to

see that wy, = -1, 0, =1, wg =1, wg,= -1
Thus (9) shows that
a B
a -k, k,

H= , 31

gk, —k, (31)

where k,=(k; +k;) and k,=(k; +k;). Be-
cause the elementary processes are linearly de-
pendent, H is not invertible. Nonetheless, eq.
(18) can still be used to calculate the spectral
density. Indeed, using eq. (31) and the well known
relationship for the inversion of a 2 X 2 matrix
one finds that the inverse of (iw + H) is

(iw+H)™
lw—kg -k, ) R
= ( k, iw_ka)/(lﬂ)A - o), (32)

where A =(k, +kz). According to eq. (18) the
absolute square of the matrix elements in (32),
weighted by the diagonal elements of v, give the
spectral density. For example, the a-a element
of (32) yiclds

D, (w) =[(e®+K3) (V2 + V)
+e2(V +Vy)]
2m( R+ 0?). (33)

Equation (33) shows that the spectral density is
a sum of a Lorentzian term and what has been
called in “inverse Lorentzian” [20], reminiscent
of that for the ciosed pore in eq. (23). Since the
inverse Lorentzian vanishes as w — 0, it follows
that the low frequency behavior approaches the
constant value

D, (0) = [K3(V + V) +k2(Vi + V)| 72m0,

(34)
and that for o > A
Do(w) = (Vi +V])/2m. (35)
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Using the steady state condition, which gives
ni=k,/A, it is not difficult to show that the
value of D,,(0) in eq. (34) is less than or equal to
its asymptotic value in eq. (35). Thus the spectral
density for this model always has the qualitative
shape shown for the particular values of rate
constants used in obtaining Fig. 1B.

4. Concluding remarks

The purpose of this work has been to use the
master equation formalism to derive formulae for
flux-flux correlation functions for elementary
processes that are valid when the relaxation
equations near an asymptotically stable steady
state are linear. As we have discussed, this in-
cludes intrinsically linear elementary processes
[5,15], such as those used to describe noise in ion
channels or mass diffusion, or any set of nonlin-
ear processes in the thermodynamic limit [3].
Starting as it does from the same master equation
formalism as Frehland [5], it is not surprising that
the results for linear elementary processes can be
shown to be identical to those obtained from his
formalism. In contrast to Frehland’s approach,
which rests on the fact that one-way fluxes consist
of a stream of delta function pulses, the present
formalism relies only on very general macroscopic
relationships [3,11] and gives rise to expressions
that involve only the net fluxes in the elementary
processes. As it is these latter fluxes that are
measurcable experimentally, the resulting formu-
lac have a close connection to experiment.

We have considered both linearly independent
and linearly dependent elementary processes. For
linearly independent elementary processes we
have obtained explicit expression for the time
correlation functions of the fluxes, egs. (12)-(14),
as well as a very simple formula, eq. (18), for the
spectral density. This latter formula is indepen-
dent of the existence of an invertible transforma-
tion between the extensive variables and the
progress variables, and so applies as well to lin-
early dependent elementary processes. As we have
illustrated with several examples, this result for
the spectral density is particularly simple to ap-
ply. We believe that it will be useful in helping to
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model the effect of various types of molecular
noise on fluxes, especially in open ion channels
(8,21].
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Appendix

Here we show that the square bracketed term
in eq. (26) is given by the expression in (27).
Transforming the exponential into the extensive
variable representation we have

(H exp(Hi)) oq
= Z HaBBBj(exp(Ht))}'mwam (A]‘)
B.jm
= Z (k:wﬂi_k;wﬁi+l)
BVj’m
X By (exp( Ht)) jm® gpm» (A2)

where (9) was used. Further simplication comes
from (3), which leads to

(H exp(Hr)),q
= L[k (exp(Ht));,

—k; (exp(Ht)) 4 ) @ (A3)
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= [kZ(exp(Ht))yipy = kg (exp(H)) s 11

+k}(exp(Ht)) ;i + k, (exp( Ht)) )
(A4)

where in the last equality, which i1s identical to
(27, (28) was used.
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